Abstract-Intra-cavity binary phase elements are incorporated into a -switched Nd : YAG laser resonator to obtain efficient high-order transverse mode selection. The resonator configuration is analyzed using the propagation-matrix diagonalization method and the Fox-Li algorithm, and a simple model for predicting the relative output powers of the selected modes is developed. The predicted results are verified experimentally with binary phase elements for selecting the TEM 01 , TEM 02 and TEM 03 , degenerate Laguerre-Gaussian modes. The output energy per pulse was 15 mJ for the TEM 01 , 16.5 mJ for TEM 02 and 18.3 mJ for TEM 03 , all higher than the 10mJ for the TEM 00 . The performance in -switched operation was found to be similar to that in free-running operation. The numerical calculations, experimental procedure and experimental results are presented.
I. INTRODUCTION
T HE OUTPUT beam quality emerging from a stable laser resonator that operates with many transverse modes is relatively poor. The beam quality can be improved by inserting an aperture inside the resonator in order to reduce the effective radius of the gain medium until, at best, only the fundamental TEM mode of the Gaussian shape exists. Unfortunately, the introduction of the aperture results in a significant reduction of the output power, since only a small volume of the gain medium is exploited. In order to increase the output power with respect to the fundamental mode operation, while obtaining a reasonable beam quality, one could operate the laser in a single high-order mode, exploiting a relatively large volume of the gain medium. The beam quality of a single high-order mode beam can be further improved by efficiently transforming it into a nearly Gaussian beam [1] - [3] . In recent years, new methods for operating a laser with a single high-order transverse mode have been reported (see review [1] ). These methods are based on the insertion of binary and spiral phase elements within the laser resonator, so as to introduce high losses to the undesired low-order modes and low losses to the desired mode. The undesired high-order modes are eliminated in the conventional way by using an intra-cavity aperture. Efficient high-order mode selection using these methods was demonstrated only in CW lasers, where low gain was present [4] , [5] .
In this paper, we demonstrate, for the first time, efficient high-order mode selection in a -switched (QS) Nd : YAG laser. Specifically, we show that it is possible to overcome the difficulties in selecting a single transverse mode that result from the inherent high gain and complex mode dynamics in such lasers [6] , [7] , by resorting to intra-cavity binary phase elements. The resonator design, along with mode content analysis and wave simulation predictions are described in Section II. These include numerically solving the round-trip propagation equation, obtaining the mode patterns and associated loss, combined with numerical Fox-Li calculations demonstrating the selection of the high-order modes. A simple model for predicting the relative output energies of the selected modes is presented in Section III. The experimental setup and the experimental results are described in Section IV, and concluding remarks are given in Section V.
II. RESONATOR DESIGN AND ANALYSIS
Let us consider the mode selection in a basic plano-concave resonator configuration depicted in Fig. 1 . It consists of a flat output coupler mirror, an internal lens with m to account for thermal lensing, a high reflective concave back mirror with a curvature radius of 3 m, an aperture to limit the number of high-order modes, and a phase element for mode selection. This configuration was chosen rather than a flat-flat configuration in order to decrease the sensitivity to thermal lensing, and to enhance the mode selectivity of the resonator [8] .
We first begin with analyzing the bare resonator configuration, not taking into account the gain medium effects (except for a constant thermal lensing). In order to determine the mode content in the resonator, it is necessary to solve the round-trip propagation equation of (1) 0018-9197/03$17.00 © 2003 IEEE where the eigenvectors represent the field distribution of the resonator modes, represents the round-trip propagation kernel, and the power loss per round-trip is obtained from the eigenvalues . Equation (1) can be solved numerically by using the propagation-matrix diagonalization method [1] . In this method, each optical element in the resonator and the free-space field propagation, are represented by matrix operators. The round-trip matrix is found by multiplying all the matrix operators associated with the round trip, and then the eigenfunctions and eigenvalues are obtained by diagonalizing . In order to reduce the calculation complexity, we assume radial symmetry, so the eigen solutions for each mode of radial order and azimuthal order can be written as (2) where is the radial coordinate, is the azimuthal coordinate, and is the position along the propagation direction.
With radial symmetry, the eigenvector represents the radial field of the mode at the output coupler, and the round trip matrix takes the form of (3) where M is the free-space propagation matrix, M is the aperture matrix, M is the thermal lensing matrix, and M is the rear concave mirror matrix (all 2-D matrices). The propagation matrix M for each azimuthal order could be determined from the radial Kirchhoff-Fresnel diffraction kernel for long distances [9] , given by (4) where is the propagation distance, k=2 , and and are the radial coordinates at and , respectively. Alternatively, M could equally be determined from the angular spectrum propagation for short distances [10] .
We calculated the low-order eigenvectors and their corresponding losses for the resonator configuration shown in Fig. 1 , without the phase element and for nm. The results are presented in Figs. 2 and 3. Fig. 2 shows the losses as a function of the intra-cavity aperture diameter, and Fig. 3 shows the radial intensity distributions of the lowest order modes for two specific aperture diameters. It can be seen that as the aperture radius increases (larger Fresnel number;
, where is the aperture radius, is the wavelength and is the resonator length) the losses of all modes decrease, and multimode operation is expected. In order to select the lowest order mode, one usually closes the aperture until only the lowest order mode could exist (depending on the gain). The intensity patterns depicted in Fig. 3 closely resemble the nondegenerate Laguerre-Gaussian (LG) modes, as expected with radial symmetry. However, it should be noted that these are not exact LG modes, since the field diffraction losses at the aperture affects the modes distributions. Indeed, at small aperture diameters, the modes intensity distributions are expected to significantly differ from the LG modes. In order to obtain single high-order mode operation, a phase element is introduced into the resonator, next to the output coupler (see Fig. 1 ). This element introduces high losses to the undesired low order modes, and low losses to the desired highorder mode. Very high-order modes are eliminated by the use of the aperture. We investigated the effect of three different binary phase elements for selecting the TEM , TEM , and TEM degenerate LG modes. These elements, shown schematically in Fig. 4 , consist of phase steps, corresponding to the uniform phase regions of the associated degenerate LG modes. As is evident, these phase elements are not radially symmetric so that the mode intensity patterns and corresponding losses cannot be calculated using matrix formulation, as previously described. It is possible, in principle, to resort to tensor formulation, but this considerably increases the complexity of the calculations. So, we will first consider the one-dimensional (1-D) strip resonator case [11] , where the Hermite-Gaussian (HG) modes are selected with 1-D binary phase elements, in order to gain some insight. This insight, along with numerical Fox-Li calculations for the selected modes of lowest loss, will then be exploited to analyze our two-dimensional (2-D) resonator configuration.
In the case of a 1-D strip resonator, where the -axis is infinite and the optical elements in Fig. 1 operate only on the axis, the eigenvector represents the field distribution along the axis and is the same for all 's. The individual matrices in (3) are the same as before except for M , which should be replaced either by the 1-D Fresnel propagator or, for short distances, by the 1-D angular spectrum propagator. The computed round-trip losses as a function of the aperture diameter, with and without a phase element for selecting the mode, are shown in Fig. 5 . It is evident that the insertion of the phase element introduces considerable losses to the mode and has only a minor effect on the mode. To ensure that only the mode is selected the aperture diameter should be between 1.6-3.1 mm, depending on the laser resonator gain.
Similar behavior is expected in the case of the 2-D resonator configuration. The insertion of each of the phase elements depicted in Fig. 4 will have a minor effect on the selected mode, while introducing considerable losses to the undesired low order modes. In order to determine the relevant parameters for obtaining the optimal mode intensity distribution, round-trip loss, and beam quality M , when selecting a specific mode, we resort to numerical Fox-Li calculations. Specifically, we analyzed the 2-D resonator configuration shown in Fig. 1 , using a commercial wave-simulation software 1 based on the Fox-Li iterative method with a fast Fourier transform propagation. Representative results are presented in Figs. 6-8. Fig. 6 shows the near-and far-field intensity distributions of the TEM , TEM , TEM , and TEM after inserting the appropriate binary phase elements. These results were obtained after 100 round-trip passes in the resonator starting from noise. Since the output beam acquires a uniform phase front, the far field distributions of the modes contain a bright central lobe with 1 GLAD-Applied Optics Research. several low intensity side lobes. It is evident from Fig. 6 that mode selection is achieved in the examined configuration. Fig. 7 shows the calculated (Fox-Li) round-trip loss for each of the selected modes at different aperture sizes. It should be noted that there is a range of suitable aperture diameters for the selection of a specific mode. Within this range, as the diameter decreases, the losses to the selected mode increase. On the other hand, a significant increase of the diameter is expected to result in multimode operation. It is of interest to note that the loss curves presented in Fig. 7 for the selected degenerate LG modes fit closely to the corresponding nondegenerate LG modes loss curves presented in Fig. 2 . This can be explained by recalling that the degenerate LG mode is composed of two corresponding nondegenerate modes with opposite signs (right and left helical phase fronts). Hence, the loss of the degenerate mode seems to be equivalent to the loss of the nondegenerate mode.
Finally, Fig. 8 shows the round-trip loss and the output beam quality parameter M along the direction as a function of the phase element position, when selecting the degenerate TEM mode. It can be seen that far from the output coupler, the round-trip loss increases rather linearly with the distance between the phase element and the output coupler. At short distances from the output coupler (less than 1 cm), the M sharply increases along with a significant drop in the loss, indicating that the lowest loss mode is the TEM mode instead Fig. 4(c) . The distance between the phase elements and the output coupler was 3.2 cm, numerical grid size was 256 2 256, grid spacing 2.5 2 10 m (for TEM 3.5 2 10 m), and the number of round trips, starting from noise, was 100.
of the TEM mode (the high M originates from the phase step the Gaussian beam acquires when exiting the resonator). As evident, good mode selection of the TEM is expected at distances of 1-5 cm from the output coupler.
The optimal aperture diameter and position of the phase element do eventually depend on the gain in the resonator and the difference between the loss curves of the selected mode and the next lowest loss mode (see, for example, Fig. 5 ). Generally, in the 2-D resonator configuration case, the next lowest loss mode could be determined by analyzing the beating of the two lowest-loss modes when applying the Fox-Li algorithm or alternatively by resorting to the Prony method [12] .
III. SIMPLE MODEL FOR PREDICTING THE RELATIVE OUTPUT ENERGIES OF THE SELECTED MODES
We developed a simple model for predicting the expected relative output power (or energy) of each of the selected degenerate LG modes with radial order . In this model, we assume that the gain and the losses occur separately during each round-trip propagation in the resonator. In addition, we assume: 1) the modes are not greatly disturbed by the presence of the gain or by diffraction effects, and are nearly pure degenerate LG modes; 2) before introducing losses, or when the modes suffer equal losses, the peak intensity of each mode in the resonator is the same. Detailed numerical analysis, based on equating the round-trip loss to the round-trip gain, taking into account the spatial profile of the modes, indicated that this latter assumption is reasonable.
Using the above assumptions, the intensity distributions of the degenerate LG modes inside the resonator are (5) with where and are the radial and azimuthal coordinates, respectively, is the angular order of the mode, is the waist or spot size of the lowest order Gaussian mode, and is a normalization constant. The power contents of these modes, assuming no losses, are (6) where the value of is 1 or 2, for or , respectively, and the Gamma function is defined as (7) Taking into account the diffraction losses in the specific mode-selecting configuration (depending on the aperture and position of the phase element), and output coupling losses , the power of the beam at the output of the laser is then (8) Recall that, for a specific mode-selecting configuration, the diffraction losses can be deduced from Fox-Li calculations (see Fig. 7 ).
Assuming equal diffraction losses, the relative power content of the TEM , TEM , TEM and TEM degenerate LG modes, calculated according to this simple model, is 1 : 1.36 : 1.85 : 2.23 respectively. It should be noted that in practical situations, where the diffraction losses for each selected mode are different, this power ratio would be altered (see for example Table I ).
IV. EXPERIMENTAL PROCEDURE AND RESULTS
In order to confirm our predictions, we performed a series of experiments using the experimental setup shown in Fig. 9 . It includes the following:
1) a 71-cm-long plano-concave resonator, with a flat output coupler of 40% reflectivity at 1064 nm and a high reflective concave mirror with radius of curvature of 3 m; 2) a Nd : YAG rod of 5-mm diameter and 10-cm length, with 1.1% doping, placed in a diffusive ceramic pump chamber, and pumped at a constant level throughout the experiments. 3) A high-quality thin film polarizer (TFP). 4) A arrangement comprised of an electrooptical LiNbO crystal and a /4 retardation plate. In QS operation, the pulsewidths were 20 ns (full-width at half maximum), while free-running operation was obtained by removing the retardation plate. 5) An aperture to limit the number of high order modes, positioned 22 cm from the output coupler. 6) CCD cameras and a Spiricon Laser Beam Analyzer, for detecting and characterizing the near-and far-field intensity distributions. 7) A phase element positioned a few centimeters from the output coupler. Several binary phase elements for selecting TEM , TEM , and TEM degenerate LG modes were fabricated using photolithographic and reactive ion etching technologies to form the specific accurate depth profiles. These were subsequently coated with antireflection layers for 1064 nm using vacuum deposition technology. Representative actual profiles of midsections of two such elements, as measured with a ZYGO interferometer, are shown in Fig. 10 . The measured surface roughness was in the range of 1-2 nm root-mean square (RMS).
Representative experimental results of the near and far field intensity distributions of light emerging from the QS laser, operating at a specific selected single mode, are presented in Fig. 11 . For these results, the aperture diameter and the phase element position were optimized for the best performance. Specifically, the TEM was selected with an aperture diameter of 1.6 mm (without using any phase element). The TEM was selected with an aperture diameter of 2.1 mm and appropriate binary phase element positioned at a distance of 3.2 cm from the output coupler. The TEM was selected with aperture diameter of 2.2 mm and phase element position of 2.5 cm from the output coupler. Finally, the TEM was selected with an aperture diameter of 2.4 mm and phase element position of 2.5 cm from the output coupler. As evident, these experimental results are in good agreement with the calculated distributions shown in Fig. 6 . The far-field distributions of the high-order modes consist of a high central peak surrounded by low side lobes, as expected. The experimental near field intensity distributions contain a low intensity ring-shaped pattern connecting the lobes. This pattern, which is not present with pure modes, seems to result from the phase element, which changes the phase of the mode to a uniform phase, before exiting the resonator. This phase uniformity accounts for the bright central peak in the far field, and also for the low-intensity ring-shaped patterns observed in the near field. This was verified experimentally by placing the phase element near the rear mirror instead of near the output coupler. In this case, the phase of the pure modes was not changed when exiting the resonator, so the near-and far-field intensity distributions were similar (as expected) and the ring patterns in the near field were not present.
We also measured the energies per pulse at the output of the laser when operating with each individual mode. The energy was 15 mJ with the TEM mode, 16.5 mJ with the TEM mode, and 18.3 mJ with the TEM mode, compared to an energy of only 10 mJ with the TEM mode. A comparison between the calculated and the measured relative output energies is presented in Table I . The calculated relative energies were obtained using the simple model described in Section III, taking the specific losses in each configuration from the data presented in Fig. 7 . As is evident, the calculated results are in good agreement with the experimentally measured results.
In order to determine the effect of the increased losses that result from increasing the distance between the phase element and the output coupler, we measured the output energy as a function of the phase element position. The results for the degenerate TEM mode are presented in Fig. 12 . As expected, the output energy is reduced as the phase element is positioned further away from the output coupler. We also found that the beam quality of the selected mode remains essentially constant at distances greater than 3.5 cm, as expected.
We investigated the behavior of the laser operating with a single high-order mode when it was -switched and when it was not. Representative results for a laser operating with the TEM mode are presented in Fig. 13 . As is evident, the intensity distributions are very similar, although the pulse durations differed by almost four orders of magnitude, i.e., 20 ns in QS operation and 120 s in non-QS operation. It should be noted that the optimal aperture diameter and the distance between the phase element and the output coupler were essentially the same in both cases. These results indicate that the high gain and short pulse duration seem to have only a minor effect in our laser configuration operating with a high-order mode.
Finally, we attempted to observe the mode evolution dynamics in QS operation by measuring the temporal pulse shape at various transverse locations in the output beam. We used a 0.2-mm aperture to measure the pulse shape in the low-and high-intensity regions of the output beam, and compared it with the average temporal pulse shape (integrated over the entire cross section of the beam). The experimental measurements for the laser operating with the degenerate TEM mode are presented in Fig. 14 . As is evident, no significant change in the temporal pulse shape is observed. This result suggests good mode discrimination and rather fast mode buildup. It could be explained by an "early" evolution of the mode prior or during the opening of the QS, creating a very weak signal that seeds the large pulse which is formed when the QS opens completely. 
V. CONCLUDING REMARKS
We successfully demonstrated efficient high-order mode selection in QS operation with the use of intra-cavity binary phase elements. A significant increase in the output energies relative to the fundamental TEM mode was achieved, and the optimized parameters for a specific laser configuration were determined. In order to obtain higher output energies, the ability to select higher transverse modes in high Fresnel number configurations should be further investigated. It should be noted that the M of the selected high-order modes is degraded relative to that of the fundamental TEM mode. However, since the entropy of a single high-order mode is equal to that of the fundamental mode, it is allowed thermodynamically to efficiently transform a single high order mode into a Gaussian beam, achieving excellent beam quality. Such a transformation can be performed externally by means of two specially designed phase elements [13] , or by coherently adding various transverse parts of the mode [14] .
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